The general covariance of the Dirac equation is exploited in order to explore the curvature effects appearing in the electronic properties of graphene. Two physical situations are then considered: the weak curvature regime, with |R| < 1/L 2 , and the strong curvature regime, with 1/L 2 |R| < 1/d 2 , where R is the scalar curvature, L is a typical size of a sample of graphene and d is a typical size of a local domain where the curvature is pronounced. In the first scenario, we found that the curvature transforms the conical nature of the dispersion relation due to a shift in the momentum space of the Dirac cone. In the second scenario, the curvature in the local domain affects the charge carriers in such a manner that bound states emerge; these states are declared to be pseudo-Landau states because of the analogy with the well known Landau problem; here the curvature emulates the role of the magnetic field. Seeking more tangible curvature effects we calculate e.g. the electronic internal energy and heat capacity of graphene in the small curvature regime and give an expresssion for the ground state energy in the strong curvature regime. PACS number(s): 04.62.+y, 73.22 Pr, 71.70 Di
I. INTRODUCTION
In the last decade, we have observed a paramount advance in the area of condensed matter physics: for the very first time an allotrope of carbon with the thickness of a single atom was synthesized. This allotrope has become popular under the name of graphene; in this material the carbon atoms are arranged in an hexagonal lattice [1] . The graphene was imagined by P. R. Wallace in the fourties when he considered an isolated layer of carbon atoms as a model to understand the parallel and transverse conduction properties of graphite [2] . The synthesis of 2004 confirmed and found new exceptional properties of graphene [3] [4] [5] . In particular, the experimental evidence confirmed that the charge carriers in graphene can be described through quasi-particles that have the same behaviour as relativistic Dirac fermions [6] . This fact had been predicted theoretically when it was proved that the Dirac field theory in 2 + 1 space-time dimensions emerges from Wallace's tight-binding model in the low energy regime (see [7] and [8] for a related construction). It is noteworthy to mention that the Dirac structure emerges, in graphene as in the nowdays so called Dirac materials, as a consequence of specific symmetries [9] . The realization of graphene opens up new horizons in the production and the study of other two-dimensional materials like h-BN, germanene, and silicene, among others (see [10, 11] for a review).
Experimentally, it has been shown that graphene presents corrugations even in free state [12] [13] [14] . Accordingly, it has turned out that the Dirac equation in curved space is a natural model to study the electronic * e-mail: pcastrov@unach.mx properties of the graphene sheet when corrugations and topological defects are taken into account [15] . In the last two decades, motivated by different problems in condensed matter physics, an intense activity has emerged in the study of the Dirac equation in curved space. This equation has been used to approach various problems like the spectrum of fullerenes [17] , the problem of disclinations in icosahedral fullerenes [18] , the problem of impurities and topological defects in graphene [19] , the role of ripples in graphene [20] , the quantum Hall effect in topological insulators [21] , the ultra-cold atoms on optical lattices [22] , the flexural phonons in curved graphene [23] and other gravitational analogues; problems that may have a physical realization in a bench-top experiment like wormholes in graphene [24] , BTZ black holes [25] , and the Hawking-Unruh effect in graphene [26] , among others. Some of the major changes correspond to the production of a gauge field similar to the electromagnetic field [4] . In particular the existence of pseudo-magnetic as a consequence of local deformations of graphene was first suggested theoretically [27] and confirmed experimentally afterwards. In the scanning tunneling microscopy (STM) experimental results, Levy and coworkers showed the existence of pseudo-Landau levels for fields greater than 300 T in the corresponding triangular bubble-like structures created by the deformation [28] .
The strain in graphene has resulted in a series of novel effects that are absent in flat graphene (see [29] and references therein). Based on symmetry arguments of the fundamental lattice, in this last report, all the interaction terms between the charge carriers and phonon on a sheet of deformed graphene that are linear in the strain tensor and its derivative were constructed in a very clean way. At a first glance [30] , this approach of introducing the strain in graphene is not compatible with the model based on the Dirac equation in curved space when the metric tensor is g ij = δ ij + 2u ij , where u ij is the strain tensor, unless the curved surface is interpreted as the Dirac cone manifold [31] . Here, we must emphasize that a model built using only symmetry arguments of the fundamental lattice may fail to account for the role of topological defects like the disclinations or pentagons formations due to the strain, which certainly break the hexagonal symmetry of the lattice [32] .
In this paper, we explore the curvature effects on the electronic properties of a sheet of graphene based on the Dirac equation on curved spaces [15] . In order to study the effect of curvature we use the local density of states (LDOS), which is calculated using the Green's function approach [33] . The general covariance of the corresponding Green equation and the Lichnnerowicz formula [34] are exploited in order to explore the curvature dependance of the Green's function. The calculation is done using the coordinate frame provided by the Riemann normal coordinates (RNC) [35] . Namely, two physical situations of interest are considered: a sheet of graphene almost flat with small corrugations and a sheet of graphene with pronounced curvature in a local domain. These scenarios give rise to two different physical behaviors in LDOS; particularly, in the first situation we noticed that the curvature changes the conical nature of the dispersion relation resulting in a shift on the momentum space of the Dirac cone, while in the second situation we found that the geometric protuberance implies the existence of emergent Landau pseudo-states. Here, as remarked below, we promote the curvature, that is the Ricci (or equivalently the Gaussian curvature in this 2D case), to be the fundamental physical quantity that characterizes the deformation of graphene sheet. Furthermore, we put forward the idea that Ricci curvature is the actual physical quantity that gives origin to the pseudo-Landau levels in analogy to the flat graphene case in presence of a uniform magnetic field. In this manner, the pseudo-magnetic field is proportional to the curvature itself. Finally, looking out for more tangible curvature effects, we give expressions for the electronic internal energy and heat capacity of graphene in the small curvature regime and the energy of the ground state in the strong curvature regime. This paper is organized as follows. In section II, the model for a curved graphene sheet is presented. The model is based on the Dirac equation defined on a spacetime, M of dimension 2 + 1. In section III, the Green's function is computed using RNC in both physical regimes mentioned above. In section IV we establish the analogy of the Dirac fermions in curved space with the Landau problem. In section V, the curvature effects on the electronic properties of graphene are probed through the LDOS. Finally, in section VI, we summarize the main conclusions and perspectives of this work.
II. CURVED DIRAC MODEL REVISITED
In this section, we introduce the simplest model to describe the electronic degrees of freedom in a curved sheet of graphene. To introduce the model, we start from the Dirac equation, 
Next, the separation between temporal and spatial indices, in the Dirac equation, turns out to be a Schrödinger type of equation
where
This is the same decomposition performed in [22] for ultracold atom systems. Now, we have the ingredients to write down a fieldtheoretic Hamiltonian for the curved sheet of graphene:
where H K = (H K ) T and T is matrix transposition. The letters K and K are refering to the two independent Dirac points. A particular representation of the Dirac matrices is γ 0 = −iσ 3 , γ a γ 0 = σ a , where σ 3 and σ a , with a = 1, 2, are the standard Pauli matrices. In this representation, for flat graphene it is straightforward to show that H K = −i v F σ · ∂, i. e. the low energy limit of the Wallace tight-binding model [3] . Also, this HamiltonianĤ is the same cosmological model posed by M. A. H. Vozmediano and coworkers [15] .
III. GREEN FUNCTION FOR THE CURVED SHEET OF GRAPHENE
Given fields Ψ (x, t) that satisfy Eq. (3) through an standard Fourier transformation in time we get ( − H K )Ψ (x, ) = 0, whereΨ (x, ) is the time-Fourier transformed field. A general field configuration is obtained using the Green function, G (x, x , z) of z − H K , where
∇ j by the standard technique [16] . Here, however, we will use this Green function in order to give an expression for the Local Density of States (LDOS) (see equation (27) ) of the curved sheet of graphene.
The general covariance of the Green equation is exploited to explore the curvature dependance of the Green function. We shall use the local frame defined by the socalled Riemann normal coordinates (RNC) y = x − x , where x is a fiducial point that can be chosen as the origin [35] . To this end, we revisit the calculation of the Green function in these coordinates. Let us first express
with the reduced quantities z F = z/ ( v F ) and
Further simplification is gotten by taking the square of H F , since the Clifford algebra implies
, and using the Lichnerowicz formula [34] we obtain
where R is the scalar curvature. Following [37] , we perform the change
F , and additionally the factor 1/ √ g in the Dirac delta δ (x − x ) can be replaced by g −1/4 in order to atain further simplification [38] . Now, the Green equation, after these changes, is cast into
We can appreciate now the analogy with a quantum mechanical problem with "Hamiltonian"ĥ 2 . This operator can be further simplified aŝ
Next, we use the fact that the metric tensor and spin connection (using RNC) can be written as a Taylor series with coefficients given in terms of the covariant derivative of the Riemann tensor [39] . The first terms of these series expansions are
where · · · are higher order terms O(y n ) with n ≥ 3. After some calculations, this means that the "Hamiltonian"ĥ 2 can be written aŝ
where curvature coefficients are evaluated already at the fiducial point x . This expression forĥ 2 is exact but not so easy to manage because it involves an infinite number of terms. Nevertheless, Eq. (11) is our starting point to carry out approximations for G F (x, x , z).
The approximations we are going to make here correspond to two different physical situations (see figure 1 ). In the first scenario, the value of the scalar curvature satisfies the condition RL 2 < 1 , where L is a typical graphene sample's size. In this case, one has an almost flat sheet of graphene with small curvature corrugations. Thus, one can considerĥ 2 ≡ δ ijp ipj +ĥ I , withp j = −i∂ j , wherê h I is a perturbation from the flat graphene that includes all curvature dependance. In addition, the coordinates y range over all the domain of the graphene. In the second scenario, the value of the scalar curvature satisfies the condition 1/L
2 , where d is a typical size of a local domain or patch where graphene presents a pronounced curvature. In this case, one has a sheet of graphene with strong curvature values at some points where the geometry around these points is considered approximately quadratic, which can be either parabolic or hyperbolic, depending on the sign of the scalar curvature R. In this case, the coordinates range over all point of the domain of radius d. In what follows, we give expressions for the Green functions in both approximations. 
III.1. Small curvature corrugations
The simplest approximation corresponds with the situation whereĥ I consist of a perturbation from the flat "Hamiltonian" δ ijp ipj . In this approach, the Green's function can be written through the resolvent operator
2 which can likewise be expanded as a perturbation series:
where the unperturbed resolvent operator is given by
Next, we need to find an expression forĥ I . The first approximation consist of cutting off the series expansion up to linear terms in curvature, then, the pertubation is written aŝ
Next, we sandwich the equation (12) between bra y| and ket |0 and use the resolvent identity 1 =
Also, we simplify the calculation using the relation (A1). The interaction contribution of the Green function can be written as
Now, it is not difficult to show that the first two terms ofĥ I (Eq. (13)) do not contribute as a consequence of the antisymmetric character of the Riemann curvature tensor (see appendix A). Thus, the Green function up to first correction is given by
This result for the Green function is the same obtained some time before by L. Parker et al [37] in the context of Quantum Field Theory (QFT) in curved space-time. Clearly, one can follow the procedure implemented here, based in the references [40] , to compute higher order curvature terms. These terms, however, will be left out of the scope of this work.
III.2. Strong curvature corrugations
Within this approximation one retains a quadratic form of the local geometry. In this sense, we will look for eigenvalues and eigenstates of the operator (11) . One can further simplify using 
Now, using the commutation relation y ,p i = iδ i , the second term of Eq. (16) can be expressed as
whereL = ij y ipj is the two dimensional angular momentum operator. Further corrections can be included when we consider variations of the curvature. Clearly,ĥ 2 can be written asĥ
In appendix 2, the commutation algebra of the operatorsΠ i andX i is presented. These relations are useful to show a ζ , a † ζ
The advantage of introducing these operators is that the angular momentum operator can be written as
and the operatorĥ
In addition, following up the analogy with the quantum harmonic oscillator one can diagonalize straightforwardly this operator. The resulting quantum states are
where the quantum numbers n and m ≡n − n, wherē n being the eigenvalue of the number operator b † ζ b ζ and n is the eigenvalue of the number operator a † ζ a ζ . Here, the eigenvalues of the operatorĥ 
and ω c = v F |R| /2 is the cyclotron frecuency in this situation. Notice that λ 2 n,m does not depend on ζ; this means thatĥ 2 + andĥ 2 − have the same eigenvalues. This is not a surprise since there is not preference between the triangular lattices that make up the hexagonal lattice. In the above energy eigenvalues sgn (x) is the sign function. Also, let us note that for negative values of curvature the quantum number n has a minimum value different from zero, namely, for both sign of curvature by n min = (m 2 + 1)/3 Θ (−R). Additionally, for a finite system of area A the Landau degeneracy, in the symmetric gauge, is given by m max =
Now that we know the quantum states and their associated energy eigenvalues, we may write the spectral decomposition of the Green function
where ψ n,m (x) ≡ n, m| x are normalized eigenfunctions. For the moment, the explicit form of eigenfunctions is not needed in the present work, but they can nonetheless be written in various representations.
IV. CURVATURE AS PSEUDO-MAGNETIC FIELD
In this section, we establish an analogy of the Dirac fermions in curved space with the Landau problem. The squared Hamiltonian of the massless Dirac fermions in a uniform constant field iŝ
where the gauge-invariant kinetic momentum is π i =p i + eB 2 x j ji and B the uniform magnetic field (see appendix 3). Now, in order to establish precisely the analogy between the Landau Hamiltonian for the massless Dirac fermions in curved space we write down again the equation (18)ĥ
Note that the first term ofĥ 2 ζ corresponds to a Landau problem Hamiltonian in the symmetric gauge where
plays the role of the "magnetic field" or pseudo-magnetic field as it is posed in [27] , whereas the second term involves a rotor contribution where the curvature term R/3 plays the role of the inverse of the moment of inertia. The cyclotron resonance frecuency satisfies ω c = 2e v 2 F B s . These squared Hamiltonians (24) and (25) bear two crucial differences, in the magnetic case the curvature strength B is coupled to σ 3 whereas in the curved case the corresponding curvature R is couple to the identity matrix 1. In addition, with the approximation we performed another crucial difference is the (R/6)L 2 term present in the curved case. Besides these differences one can think of curvature R as a physical field, analogous to the magnetic field, that is responsible of several phenomena like the pseudo-Landau states.
We emphasize that the relation between curvature R and pseudo-magnetic field can be subjected to experimental scrutiny. In particular, let us focus on figures 3(A) and 3(B) found on [28] by Levy and coworkers. As they mentioned, figure 3(A) corresponds to the experimental topographic line scan and the experimental determination of the B s over the tip trajectory shown in black line in their figure 3(B) . We extracted data of the topographic line scan in order to fit a curve with a fifth order polynomial (see Eq. (A12) of appendix 4) and then computed the curvature κ 1 of this curve at the maximum, this corresponds to a principal curvature of the graphene nanobubble. Although we did not access the data of the transverse line, by inspection of the figure 3(B) of the same work [28] one can state that the radius of curvature r 2 for a transverse line is bigger than r 1 = 1/κ 1 , which means that the Ricci curvature R := 2κ 1 κ 2 < 2κ 2 1 0.58/nm 2 . Now, using this value of curvature one gets the bound B s < 600 T. In others words, the relation between R and B s looks reasonably in agreement with the experimental observations.
V. ENERGY SPECTRUM AND DENSITY OF STATES OF A CURVED GRAPHENE
In this section, we give expressions for the LDOS in both physical scenarios posed in the last section, which are weak curvature corrugation and strong curvature regime on the graphene sheet. The local density of states (LDOS), ( , x), is used in order to probe the curvature effects on the electronic degrees of freedom of graphene. In particular, LDOS is expressed through the the Green's function [33] by
The g v = 2 is the valley degeneration due to the two independent Dirac points in graphene and tr refers to trace over the pseudo-spin and spin space.
V.1. DOS and energy spectrum of graphene with small curvature corrugations
In this subsection we compute the local density of states corresponding to curved graphene within the approximation (15) . Basically, we need to take the pseudospin and spin trace, the imaginary part, and the limiting process y → 0 on the function G = (z + H K ) G. The pseudo-spin trace cancels out the term H K G F since the matrix structure of H K is traceless, thus one has tr G = 4zG, where 4 = 2 × 2 are the pseudo-spin and spin degrees of freedom. To take the imaginary part and the limiting process of 4zG one can follow various ways, for instance, one could express G in terms of Bessel functions as done in [42] . Here, we note that at the level of approximation stated above (15) , the Green function G is consistent with
where we have shown explicitly the δ dependance. Now, we take y → 0 or x → x and recall that g (x ) = 1, use the Dirac identity [43] and then we take the imaginary part. Accordingly, the local density of states is given by
Note that this last relation imposes the condition
The Dirac delta can be expanded by means of an identity [43] 
where p ± = ±p 0 . Then, the LDOS is given by
where Θ(x) is the Heaviside function. Clearly, for flat spaces R = 0, we recover the standard relation for the local density of states [44] . Also, it is noted that, within this approximation, for points x with negative values of curvature the local density of states corresponds to the usual one. However, for points x with positive values of curvature we find a change in the local density of states. These results for the LDOS can be improved with higher order curvature corrections of the Green function [45] . In addition, this same result (Eq. (32)) can be seen at the level of the dispersion relation
K q , which can be computed using the operatorĥ 2 . The energy dispersion relation turns out to be
Note that this energy dispersion relation is similar to the relativistic energy dispersion relation where R/12 plays the role of mass. The curvature appears with a prefactor 2 which makes v 2 F 2 R/12 < 1.42 eV 2 for a sample of size L ∼ 10 nm. In the positive curvature case, we have shown that in graphene arise a small gap, whereas in the negative curvature case we found the manner in which the curvature induces a minimum value of the charge carriers momentum. These both cases modify the conical nature of the energy dispersion relation turning on a shift in the momentum space of the Dirac cone.
V.1.1. Example: Curvature corrections on the internal energy.
In order to look for a more tangible curvature effect, let us evaluate the electronic internal energy, U , for a sheet of graphene with weak curvature. Taking into account particles and holes, U can be computed using the following expression:
where β = 1/k B T and ρ ( ) = dA ( , x) is the density of states (DOS), with dA being the area element of the surface. Now, we substitute the LDOS (32) and we exchange integrals, to get
For R = 0, one can integrate and find that the internal energy per unit of area, A, is given by the standard result
For curved graphene, R = 0, we performed a perturbative expansion in powers of β R and computed the heat capacity per unit of area, c (T )
where D is a local domain with positive curvature. Note that, at the level of this approximation, negative values of curvature do not make any correction to the heat capacity of the graphene.
V.2. DOS and energy spectrum of graphene with strongly curved protuberance
In this section, we give a formal expression for the density of states in terms of the energy eigenvalues using the approximation (23) . It is assumed, for simplicity, that curvature is approximately constant. Similarly to the weak curvature regime one has trG = 4zG. Next, we use the orthogonality property of ψ n,m (x), the limit x → x and the Dirac identity [43] . Finally, we use the fact that within the strong curvature approximation the angular momentum is not excitable. In this manner, the density of states is given by
The energy eigenvalues of the Dirac fermions moving in a positive and negative local curved patch of a manifold are given by
where we recall the resonance cyclotron frecuency ω c = v F |R| /2 = 2e v 2 F B s . These eigenvalues spectrum is almost the same as the one obtained for flat graphene in presence of a strong and transversal magnetic field [44] . In what follows, we give the expression for the internal energy for the strong curvature regime. We substitute the DOS in (34) and we use the identity [43] . After a straightforward calculation, the internal energy and the number of particles (particles and holes) are
where F (x) = 1/(exp(x) + 1) is the Fermi-Dirac statistics. Also, we have introduced a chemical potential µ.
The energy eigenvalues are proportional to ω c , thus it is natural to define a characteristic temperature by
As a matter of consistency, one must recover the standard internal energy per unit of area (36) in the limit when T T R . Indeed, one can make the steps in the appendix 5 to reach this statement. Now, the opposite limit T T R is usually the case when one has a pronounced value of curvature. For instance, the pseudo-magnetic field, B s , ranges the values [300, 400] T in the Levy et al. experiment [28] . These values correspond to the characteristic temperature T R in the range [18, 21] × 10 3 K. Hence, the thermal effects are practically negligible for massless Dirac fermions confined in an strong curvature protuberance. Thus, the internal energy corresponds essentially to the energy of the ground state.
The energy of the ground state can be computed assumed that all pseudo-Landau levels are filled up to the Fermi level n F + 1 = 
This energy will have discontinuities in the pseudomagnetization M = − (∂U/∂B s ) σ at the pseudomagnetic field values
We expect, then, an analogous de Haas-van Alphen effect occurs in this case. In a future communication we will report a systematic study of this analogous phenomena.
VI. CONCLUDING REMARKS
In this paper, we have studied the electronic degrees of freedom of a graphene curved sheet upon the basis of the Dirac equation on curved space-time. The curved space-time we use corresponds to the metric
where v F is the Fermi velocity and g ij are the components of the metric tensor of the spatial sector. These electronic degrees of freedom are studied by means of the Local Density of States (LDOS), which is expressed through the Green function associated to the operator − H K , where is the energy and H K is an Euclidean Dirac operator. It was studied in two different physical situations: I) weak curvature regime and II) strong curvature regime.
In the first case I), we found that LDOS has an open gap proportional to √ R for positive values of curvature whereas LDOS corresponds to the flat expression for the negative values of curvature. In the second case II), it was found an analogy with the well known Landau problem of the flat graphene under a strong magnetic field. The pronounced curvature, in this situation, affects the charge carriers in such a manner that pseudo Landau states emerge. This analogy allows us to identify the curvature with a pseudo-magnetic field B s through the relation, B s = R/4e. The resonance cyclotron frecuency turns out to be identical to the magnetic case ω c = 2e v 2 F B s . The particular differences with the original Landau problem were briefly discussed.
In addition, using the values of the pseudo-magnetic field B s ∼ 400 T reported in [28] it was found that the characteristic temperatures are around T R ≡ ω c /k B ∼ 2.1 × 10 4 K. This means that in the strong curvature case the thermal effects are practically negligible and the internal energy is essentially the energy of the ground state. In particular, we give an expression for the energy of the ground state and we remarked the expectation of an analogous de Haas-van Alphen effect. In a future communication we will report a systematic study of this analogous phenomena.
Our approach can be extended in various directions. As was mentioned before, the calculations performed in the weak curvature regime can be improved including higher order curvature terms in the Green function of the Dirac equation. In the strong curvature regime, it requires a systematic analysis of the oscilations in the pseudo-magnetic field that appear in the de Haas-van Alphen effect; one can take a guide study of the magnetic case (see for instance [46] Our starting point to compute this amplitude is the Eq. (14) . The interaction operatorĥ I can be split into three termsĥ
The amplitude associated to the last term is straightforward. For the first and second operator it is convenient to use the relation
where I is a collective indice of order m which means that y I = y i1 y i2 · · · y im . For the first operator,ĥ
I , one has to use p y k y l k . After substituting in the amplitude one has y K 0ĥ
(1)
Thus one has a symmetric tensor in the indices l and j, then by contracting with the Riemman tensor, which is antisymmetric in these indices, one gets that the amplitude is exactly cero.
In a similar manner, for the second term one gets y K 0ĥ
This amplitude is also cero since ∂ k (p j K 0 (p)) = δ kj K 0 + p j p k K 1 is symmetric in the indices k and j.
Algebra of operators
The creation and anihilation operators are defined by
and
whereX i 's are conjugated operators to theΠ i 's defined byX i = y i − ζ4 ijΠ j /R. The set of operators {Π i ,L} form a closed Lie algebra. In particular, they satisfy the commutation relations
ThenΠ 2 i andL can be diagonalize simultaneously. Alternatively, one can define the operatorsX i = y i − ζ 4 R ijΠ j , whose commutation relations are
which commute with eachΠ i ; in particular, the angular momentum operator can be written as
Landau Hamiltonian for massless Dirac fermions
In this section we can follow [44] for the treatment of massless Dirac fermions in presence of a uniform magnetic field. Let us begin with the Landau Hamiltonian in this contextĤ
where A (x) is the vector potential. To obtain the eigenvalues and eigenstates ofĤ, it is often common to square the operator. Thus, after a straigforward calculation it is not difficult to find
where the gauge-invariant kinetic momentum π i =p i + eB 2 x j ji and the curvature strength tensor F ij = ∂ i A j − ∂ j A i . The squared Hamiltonian, (A10), is in fact, a Lichnnerowiczs formula for the Dirac operator on a manifold. In addition, for an uniform magnetic field one has the vector potential in the symmetric gauge : A i = B 2 x j ji , then ij F ij = 2B. Which yields the following squared Hamiltonian
Estimation of pseudo-magnetic field
In this subsection, we estimate the value of the pseudomagnetic field based on the extracted points of figure 3(A) of the article by Levy and coworkers. This data corresponds to a section of the actual surface that represents the graphene nanobubble. Once we have extracted the data, we fit a curve with a simple polynomial approximation. The best fit found corresponds to a fifth order polynomial 
This curvature corresponds to a principal curvature of the surface along the topographical line measured in [28] . Unfortunately, we do not know the values of the transversal curve so as to compute the value of the other principal curvature. However, glimpsing the figure 3(B) of [28] one can say that the radius of curvature of the transverse line is bigger than the actual line,
i.e. t r 2 > r 1 , so κ 2 < κ 1 , and the Ricci curvature is R = 2κ 1 κ 2 < 2κ 2 1 (x max ) = 0.58/nm 2 . Using now the Eq. (26) one gets the corresponding bound on the pseudomagnetic field B s < 600 T, which looks reasonably in agreement with experimental observations.
Consistency proof
We substitute the DOS in (34) and use the identity [43] . After a strightforward calculation, the internal energy (particles and holes) is
where we have taken into account the angular momentum modes. Let us take positive curvature, R > 0. In addition, define q = ( v F ) 2 R 2 n such that the energy levels (22) are given by
Notice that for each m value E q,m is almost a continuos spectra for ( v F ) 2 R 2 small. This means that we can replace q by a continuos variable. Thus, within this approximation the internal energy is given by 
Now, using m max = RL 2 /8, due to Landau degeneracy, and the area A = πL 2 , it is not difficult to conclude that the internal energy per unit area is given by the desired expression (36). 
